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Fort Wayne, Indiana 46803 
The asymptotic stability of solutions of a class of third and fourth order delay- 
differential equations is presented. The results are an extension to Krasovskii's 
second order system. 
INTRODUCTION 
Razumikhin (1956 and 1958) and Krasovskii (1963) have given numerous 
fundamental results concerning the application of Lyapunov's second method 
to systems of differential equations with time lag. These results are closely 
analogous to those of the classical Lyapunov method. Krasovskii (1963) has 
used Lyapunov functionals and has systematically summarized the work in 
this direction. Hale and Infante (1967) and Hale (1965 and 1969) have 
diseussed the asymptotic behavior of the solutions of autonomous functional 
differential equations with infinite retardation. However, progress till needs 
to be made in the construction ofLyapunov functionals for all types of systems 
with time lags. 
The objective of this paper is to study the asymptotic behavior of the 
solutions of the differential equations with finite lag 
Yd(t) q - f (x ( t ) ,  5e(t)) dO(t) -+- g(Sc(t - -  r)) + h(x(t  - -  r)) -~ 0 (1) 
x(t) -~ fl(dO(t)) ~'(t) -~ f~(2(t), ~(t)) dO(t) 
+ g(~(t - -  r)) -? h(x(t - -  r)) = 0 (2) 
in which r ~ 0. The results are an extension to Krasovskii's (1963) second 
order system. 
In this paper we use the following notations. R n is the space of n-vectors 
and for x ~ R n, t x I is any vector norm. For a given number  ~ 0, C ~ denotes 
the space of continuous functions mapping the interval --r, 0] into R" and 
for ¢ e C n, II¢ II ~- sup-r<¢<0[[ ¢(0)Ii. CH '~ will denote the set of ¢ in C ~ for 
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which Ii¢ I] < H. For any continuous function x(u) defined on --r ~< u ~< A, 
A > 0, and any fixed t, 0 ~< t ~< A, the symbol x, will denote the function 
x(t + 0), --r  <~ 0 <~ O, i.e., the function x t ~ C n and is that "segment" of 
the function x(u) defined by letting u range in the interval t -- r ~ u <~ t. 
If f(6) is a function defined for every ~b in Cn" and ~(t) is the right side 
derivative of x(t), we consider the following autonomous functional- 
differential equation: 
$¢(t) = f(xt) t >/O. (3) 
We say x(¢) is a solution of (3) with initial condition ¢ in CH n at t = 0 if 
there is an A > 0 such that x(~) is a function from [--r, A) into R n such that 
x,(~) is in Cn n for 0 <t< A, xo(~)=$ and x(¢)(t) satisfies (3) for 
O<~t<A.  
DEFINITION I. Let V be a continuous calar function on CH% The 
derivative of V along the solutions of (3) will be defined by the following 
relation 
~a(~b) = lim sup(1/h){V(x~(~))- V(~)} (4) 
h-~0 +
To study stability of the origin we state the following well known result, 
which follows from a theorem of Hale (1965). The wording has been changed 
slightly. 
LEMMA 1. Suppose f(O) = O. Let V be a continuous functional defined 
on CH n with V(O) = 0 and let u(s) be a function, nonnegative and continuous 
for 0 ~ s < 0% u(s) -+ oo as s --+ oo with u(O) = O. I f  for all (J in Cx4 n, 
u(Ll 6(0)EL) ~< V(6), V(~) >/0 and V(8)(d?) <~ O, then the solution xt = 0 of (3) 
is stable. 
get R C C~, be a set of all points q~ ~ C~z n where V(~)(q~) = 0. I f  {0} is the 
largest invariant set in R, then the solution xt = 0 is asymptotically stable. 
A T~III~ OP.DER SYSTEM 
The equation (1) can be rewritten as 
de(t) ~- y(t) 
2(t) = z(t) 
:~(t) = --f(x(t), y(t)) z(t) - -  g(y(t)) - -  h(x(t)) 
o f_o hx(x(t 27 J_I'rgu(y(t + 0)) z(t + O) dO 27 + O)) y(t  27 O) dO. 
(5) 
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Let 
c >/ h(x) > 0; [ h'(x)[ ~< L1 (x ~a 0), (6) 
X 
g(Y) ~>b+2h>0 (h>0) ;  ]g'(y)[ ~<L~ (yva0) ,  (7) 
Y 
f (x,  y) ~ a + 2h/a > a > O (h>O,~>O) ,  (8) 
H(x) ae~ f~ h(s) as --,- co as ] x 1 --~ 0% (9) 
~f(x, y) ~ 0 for all x and y. (10) Y cqx 
Remark 1. Condition (9) is needed to satisfy the requirement hat 
lim ~L, i i~ V(~) = oo in the hypotheses of Hale's theorem stated as Lemma 1. 
THEOREM 1. Suppose that the conditions (6)-(10) hold and in addition if r 
is sufficiently small, then the zero solution of (1) is asymptotically stable provided 
there exists o~ satisfying 
(i) b/c > o~ > 1/a. 
Proof. The following functional is introduced: 
V(xt , Yt , zt) = Vl(x(t), y(t)) + ½V2(x(t), y(t), z(t)) 
-}- r d ~, 
where 
Vdx(t), y(t)) = [H(x) + ~h(x) y + ~C(y)]; a (y )  = g(s) ds, 
g Ve(x(t), y(t), z(t)) = ay e + 2yz + o~z ~ + 2 [f(x, s) -- a]s ds, 
v ~> 0 (chosen subsequently). 
Now 
V 1 >~ ½[2H(x) + aby ~ -t- 2~h(x)y] 
= ½[(~/b)(by + h(x)) 2 + 2H(x) -- (c~/b) h~(x)] 
-= ½(a/b)(by + h(x)) 2 -t- 2 f f  [1 c~h'(s) b ] h(s) ds 
(11) 
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where 31 ~ 1 --  ~c/b > 0. The function V2 is a quadratic form as 
= fo al, 
Now aa > 1. Thus the matrix is positive definite and there exists a constant 
33 > 0 such that 
v~ >~ ½S~(y~ + z~). 
Therefore, the functional (11) is positive definite if v ~> 0. Ogurcov (1959) 
and Ezeilo (1968) have proved similar results for ordinary scalar differential 
equations. Evaluating /2(5 ) yields 
(z(~)(xt, Yt, zt) = -- I' g(y(t)) ah'(x(t)) I y~(t) -- {o~f[x(t), y(t)] -- 1} z~(t) y(t) 
f:'t' ~f s) ds + y(t) s O-~(t) (x(t), 
0 
+ [y(t) + az(t)] [ f ' ,  g,(y(t + 0)) z(t + O) dO 
+ f'_~ h,(x(t + 0))y(t + O)dO] 
2v (0 [Y2(t) _ yZ(t + O) -Jr- z~(t) -- z~(t Jr- 0)] dO, (12) 
@ ~" J-r 
choose K = max(/. 1, L 2 , o~L1, aL~) and define v as 
aefA ( A~-- r2K~ ) 1/2 
~' = 2 - -  4 " >~ 0 (13) 
if rK ~ A. This inequality will be satisfied as r --+ 0. 
If  the expression in (12) is written as an integral from [--r, 0], thert the 
integrand wiU be seminegative definite. This can be shown by estimating the 
terms in (12) as follows: 
1 
P(5) <~ - r 
1 
r 
1 
r 
1 
7 
f_° {/~y~(t) -~- vy2(t -]- O) -- rK I y(t) y(t -J- 0)]} dO 
- -  - f_~ {t,z~(t) + .z~(t  + O) - -  rKl z(t) z(t + O)I} de 
f;r{~y~(t ) + vz~(t + o) - rK[ y(t) z(t + 0)[} dO 
- -  - f : ,  {/zz~(t) + vy~(t + O) -- rKJ z(t)y(t + 0)i} dO, (14) 
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where 
aef ~ ( 3,2 -- r'~K2 ) I/2 
t~--- ~+ 4 >0.  
Since each expression in {...} ~ 0, therefore IT(s ) ~ 0. I?(s ) ~ 0 if and 
only if Yt ~ zt = O, and the only invariant set of (5) which lies in the set 
(xt, Yt ,  zt) for which yt = zt = 0 is (0, 0, 0), consequently from Lemma 1, 
the trivial solution of (1) is asymptotically stable. 
A FOURTH ORDER SYSTEM 
The equation (2) can be rewritten as 
2(0 = y(t), 
2(t)  = z(t),  
~(t) = ~(t),  
~b(t) = fl(z(t)) w(t) - -  f~(y(t), z(t)) z(t) -- g(y(t)) -- h(x(t)) 
Let 
Remark 2. 
(25) 
fo + -r g~(y(t + 0)) z(t + O) dO + h~(x(t + 0))y(t + O) dO. 
b ~> f&)  ~> No >~ a + 2a > o (~ > o), 
f~(y, z) >~ f,? > o, 
g(y)/y >~ gO > O, 
(hO a)l/~ ~> h(x)/x >1 hO > O, 
gO ~ g,(y) ~ $1, h ° ~ h'(x) ~ h'(O) <~ 6, 
H(x) dej (~ h(s) as -+ ov as [ x [ --~ c~. 
Jo 
(16) 
(17) 
(18) 
(19) 
(20) 
(21) 
Condition (21) is needed for the reasons discussed in Remark 1. 
The superscript 0 designates the evaluation of the given function at the 
origin. Let the following relations between the constants of (16)-(20) hold: 
af2°g°h ° -- 8abh ° -- 6128 = fi > O, (22) 
[~ ) [ ~1 h° .],] (23) (g°)2(2ag°h°)l/2 L gO 8 
643]23]2-5 
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f] 5 lz fl(s) ds --fl(z) < aZgOh o for all z :/: 0, (24) 
z ~A(y, z) f :  af~ , ~y < 0; y ~ tY, zt) dt >~ O. (25) 
THEOREM 2. Suppose that there xists constants a  defined in (16)-(20) and 
in addition that the conditions (21)-(25) hold, and if r is sufficiently small, then 
the zero solution of (2) is asymptotically stable. 
Proof. The following functional is constructed: 
r (x ,  ,..., ~,)  = ~(x(t), y(t), ~(t), ~(t)) 
+ 3v f" ( f ;  [y2( t + O)+ z2(t + 0)] dO)dO1 
r - r  1 
+ 2.r fo_~ (fo: w~(t + O)dO)dO 1 . (26) 
v >/0  is defined in (13) where 
K - -max 8, a, -~6-,81,  gO , gO,  
where 
28 f ~h(s) ds+ _ ]y2 v[x(t),y(t), z(t), w(t)] = gO Jo a 
(.~o 2a a 1 w~ + 2wz + -~-yw + gO ) z2 + a 
+ 28 ;~ 
Y Jo fl(s) as + 2h(x)y 
2 
+ 2 h(x) z + a g(y) z + 2 fff g(s) ds 
+  oS{fz(y, s) - ds 
2af~ + gO Jo s(A(s, o ) -  £o} 
g + 2 sly(s) as. 
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v is precisely the same function used by Sinha and Holt (1971) and was 
shown positive definite. With respect o the system (15) we have with the 
functional V defined as in (26) 
fz(ts)(x,...w, ) <~ --2Aw2(t) -- 82yZ(t) -- yz2(t) 
8 1 + [-~-y(t) + z( t )+ aW(t)] 
[f;, (g~(y(t + 0)) z(t -j- O) + h~(x(t + O)) y(t + 0)} dO] 4 
+ 3VVr [fi~_ {y~(t)+ z~(t) -  yZ(t + O)-  z~(t + 0)} dO] 
+ 2v fo [w2(t) _ we( t + 0)] dO, (27) 
where 3z > O, y > O. Let 
3A = min(82 , ),). (28) 
The expression in (27) is written as an integral from [--r, 0] and estimating 
the terms gives 
• l f0 V(15) ~< -- r {/xY2(t) + vy~(t 4- O) -- rK] y(t)y(t -t- 0)[} dO 
- - r  
-- r {~z2(t) ÷ ~z2(t 4- O) -- rgl z(t) z(t + 0)[} dO 
7 
! f_~ {/~y2(t) + vz~(t + O) -- rKI y(t) z(t + 0)1} dO 
! f_° {/zz2(t) -1- vy~(t + O) -- rK] z(t)y(t -t- O)l} dO 
! f_° {/~w2(t) + vy2(t @ O)-  rK I w(t)y(t + O)]}dO 
! o-r(° {tLw~(t) -t- vz~(t + O) -- rK[ w(t) z(t + 0)I } dO, (29) 
where 
ae~A ( AZ-- (rK)~ ) ~/z 
/z =~+ 4 >0.  
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Since each expression in {...} ~ 0, therefore I?(15) ~ 0. The result then 
follows from Lemma 1. 
CONCLUSION 
The asymptotic stability of a class of third and fourth order functional 
differential equations is proved. 
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